1 Trigonometry Review
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Figure 1: Scenario in Problem 1. Figure 2: Scenario in Problem 2.

1. Prove the Pythagorean theorem using “conservation of area.” Start with Figure 1.

In Figure 1, the larger square has side length a+ b. The smaller, nested square has side length ¢. Four copies
of the right triangle with side lengths a, b, ¢ are placed around the square. We have

Atriangles + Agmall sq. = Abig sq. [Conservation of area]

4A‘[riangle + Asmall sq. — Abig sq.

4 <%ab> +c?=(a+b)? [Areas of triangle, square]
2ab + ¢* = a® + 2ab + b* [Expanding]
> =ad*+ 1. Q.E.D.

2. Prove the Pythagorean theorem using a right triangle with an altitude drawn to its hypotenuse,
as shown in Figure 2, making use of similar right triangles.

Let h = CF, the length of the altitude to the hypotenuse. AACF ~ /A ABC by AA Similarity because they
share an angle and both have a right angle. Therefore AL _ %. Substituting named variables for these

'’ AC
lengths, we get
2
LNy
b c c

Applying the same logic to AACF B, we get ACFB ~ /\ABC, so % = %. Substituting, we get

2
BF _a_ pp_a
a C C

Since F is between A and B, we have AB = AF + F B; substituting our found values for AF and F B, we get

c=AB=AF+ FB
b2 2

a
c=—+—=
C

C
2 =p +d%. Q.E.D.
3. We now prove the trigonometric identities.

(a) Draw and label a right triangle and a unit circle, then write trig definitions for cos, sin, tan,
and sec in terms of your drawing.

The scenario is depicted in Figure 3. By the definition of sine and cosine, we have sinf = AP and cos § = OA.
Since AOAP ~ AOPT by AA Similarity, we have £= = 2. Substituting known values, we get
TP _ sinf

= — TP =tand.
1 cos 6




0s _ 1 -
Also, AOAP ~ /AOKS by AA, so ox = o5 Similarly, we have

%= ! = 0S5 =sech.
1 cos 6
Finally, as an alternate interpretation of tan, we have % = 3_1/:’ SO
KS _sinb . ks = tano.
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Figure 3: The right triangle and unit circle.

(b) Use a right triangle and the definitions of sin and cos to find and prove a value for sin’ 9 +
cos? 6.

Referring back to Figure 3, focus on /AOAP. |t is a right triangle with side lengths a = cos#, b = sin#, and
¢ = 1. By the Pythagorean theorem, we have

OA”> + AP? = 0OP? [Pythagorean theorem]
cos? 0 + sin® 6 = 17 [Substitution]
sin® 0 4+ cos? 6 = 1. [Rearrange]

(c) Use the picture of the unit circle in Figure 4 to find and prove a value for cos(A — B). Note
that D, and D, are the same length because they subtend the same size arc of the circle.
Set them equal and work through the algebra, using the distance formula and part (b) of
this problem.

We have D| = D,, so
2 _n2
Dy =D,
(cos A — cos B)? + (sin A — sin B)? = (cos(A — B) — 1)> + sin’(A — B)
cos? A —2cos A cos B + cos® B + sin> A — 2sin A sin B + sin” B = cos’(A — B) — 2 cos(A — B)+

1 +sin’(A — B)
(cos®> A + sin® A) + (cos® B + sin> A) — 2 sin A sin B = (cos>(A — B) + sin>(A — B))+
1 —-2cos(A— B)

,I/‘I-/I"—OZSinAsinB —2cos Acos B =,1/lfl"—02cos(A - B)
2sin Asin B+ 2cos Acos B =2cos(A — B)
sin A sin B + cos A cos B = cos(A — B). Q.E.D.
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Figure 4: Scenario in Problem 3.

4. Write down as many trig identities as you can—no need to prove these.

sin(A + B) = sin(A — B) = cos(A+ B)=
tan(A + B) = tan(A — B) = sin(2A) =
cos(2A) = tan(2A) = sin (g )

w(@) ()

You should probably memorize these for convenience.

sin(A + B) =sin Acos B+ cos Asin A
sin(A — B) = sin Acos B — cos Asin B
cos(A + B) = cos Acos B —sin Asin B

tan(A + B) = tan A + tan B
1—-tan Atan B
tan(A — B) = tan A —tan B

1+tan Atan B

sin(2A) = 2sin Acos A

cos(2A) =2cos>’A—1=1—-2sin> A=cos> A —sin* A
2tan A

1—tan? A

. <A> 1—-cosA
sin [ = \/—
2 2

1+cosA
V 2

(%)
cos (=
2
sinA _ 1-—cosA

n(4) = A _ 1o
2 1+cosA sin A

5. Let’s review complex nhumbers and DeMoivre’s theorem.

tan(2A) =

I
H+

I
I+

(a) Recall that you can write a complex number both in Cartesian and polar forms. Let

a+ bi =(a,b) = (rcosf,rsinf) = rcos0 +irsin.

What is r in terms of g and 5?

r is just the distance to the origin from a + bi. Draw a right triangle as shown in Figure 5. By the pythagorean

theorem, r = Va2 + b2.



z=a++ bi

Figure 5: a + bi in the complex plane.

(b) Expand (a + bi)(c + di) the usual way.

(a+ bi)(c +di) = ac + adi + bci + (bi)(di)
=ac + (ad + bc)i — bd
= ac — bd + (ad + bc)i.
(c) Let a + bi = ri(cosf + isinf) and ¢ + di = ry(cos ¢ + isin¢). Multiply them, and use your

results from Problems 3c and 3d to show that multiplying two complex numbers involves
multiplying their lengths and adding their angles. This is DeMoivre’s theorem!

ri(cos 6 + i sin @)ry(cos ¢ + i sin @) = ryry(cos 8 cos ¢ — sin 6 sin ¢ + i(sin 6 cos ¢ + cos 6 sin ¢p))
= riry(cos(0 + ¢) + i sin(0 + ¢)).

(d) Use part (c) to simplify (v/3 + i)'8.

We have /3 + i = r(cos 0 + i sin §) = 2(003% +isin%).

18
2 (cos% +isin%>)]8 =218. <cos%+isin%>
=218, <cosz + isin E) (cosz + isin f)
6 6 6 6
ISC‘c:pies
=218, <cosz +isinz) (cosz +isin£) <cosz +isinz)
3 3 6 6 6 6
16c‘o,pies

=23 . (cos 3z +isin3x)
— 218 . —1
=218,

6. Here is a review of 2D rotation.

(a) Recall that we can graph complex numbers as ordered pairs in the complex plane. Now,

consider the complex number z = cos 6 + i sin 8, where ¢ is fixed. What is the magnitude of
z?



We have

|z] = Vcos2 @ +sin® 0 = \/I: 1.

(b) Multiplying z - (x + yi) yields a rotation of the point (x, y) counterclockwise around the origin
by the angle 6. Notice that rotating the graph counterclockwise around the origin has the
same effect as rotating the coordinate axes clockwise around the origin by the same angle
6. What if we wanted to rotate clockwise by 0 instead?

We can multiply by the conjugate of z, since
Z=cos0 —isin@ = cos —0 + i sin —0.
Thus, the operation is z - (x + yi) to rotate clockwise by 6.
7. Rotate the following conics by (i) 30°, (ii) 45°, and (iii) 6:

@ x* -y =1

i. 30°
We make the substitution x” = x cos 30° — ysin30° = gx - g and y' = xsin30° + ycos 30° = % + \/TEy:
le _ y/2 =1

(0] (14 -

x%/2 - \/gxy— v /2 =1.

ii. 45°
We make the substitution x’ = x cos 45° — ysin45° = \/TEx - gy and y = xsin45° + ycos45° = gx + gy:
x/2 _ y/2 — 1
2 2
V2o V2 V2 . V2 |
2 YT 2 T T
—2xy =

iii. 0
We make the substitution x’ = x cos§ — ysinf and y’ = xsin 0 + ycos 0:

x/2 _y/2 =1

(xcosH—ysint9)2 —(xsint9+ycos€)2 =1.

x2 2
(b) -2 =1

i. 30°
We make the substitution x’ = x cos 30° — ysin30° = gx - g and y’ = xsin30° + ycos30° = % + %y:
Xy
16 9
2 2
V3 _y x, V3
<7x—z 2ty
_ -1
16 9
1 2 2
—(11x* =50V3xy -3 =1.
(115 = 50V3xy = 39%)



ii. 45°

We make the substitution x’ = x cos 45° — ysin45° = %x - \/Tiy and y' = xsin45° + ycos45° = \/TEx + \/TEy:

X2 y_/z =1

16 9

2 2

2 2 V2 A2
- —1
16 9

L(—x -T7y)(x+y) =1.

288
iii. 0

We make the substitution x’ = x cos @ — ysinf and y = xsinf + ycos 6:

X2y
16 9
(xcos 8 —ysinO)2 : (xsin€+yc0st9)2 -1
16 9 o
(c) y> =4Cx
i. 30°
We make the substitution x’ = x cos 30° — ysin 30° = gx - %’ and y' = xsin30° + ycos30° = )2—( + gy:
y'2 =4Cx'
2
3 3
2 2 2 2
ii. 45°
We make the substitution x” = x cos 45° — ysin45° = %x - ‘/TEy and y' = xsin45° + ycos45° = ‘/sz + \/TEy:
y/2 =4Cx’'
2
V2 . V2 \ s V2 o V2
R 2 YT

%(x + 3P =2CV2(x — ).
iii. 0

We make the substitution x’ = xcos§ — ysinf and y' = xsin# + ycos 0:

y'2 =4Cx'
(xcos O — ysiné’)2 =4C (xsinf + ycos ).



